New method for counting the number of spanning trees in a two-tree network  by Xiao, Yuzhi & Zhao, Haixing
Physica A 392 (2013) 4576–4583
Contents lists available at SciVerse ScienceDirect
Physica A
journal homepage: www.elsevier.com/locate/physa
Newmethod for counting the number of spanning trees in a
two-tree network ✩✩
Yuzhi Xiao a,b, Haixing Zhao b,∗
a School of Computer Science, ShaanXi Normal University, Xi’an, ShaanXi, 710062, PR China
b School of Computer, Qinghai Normal University, Xining, Qinghai, 810008, PR China
h i g h l i g h t s
• A two-tree network is a generalization of many small-word networks.
• We give a new linear algorithm for counting spanning tree numbers of two-tree networks.
• We obtain the maximum and minimum spanning trees numbers of two-tree networks.
• One obtain the spanning tree number of some small-world networks using the algorithm.
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a b s t r a c t
The number of spanning trees is an important quantity characterizing the reliability of
a network. Generally, the number of spanning trees in a network can be obtained by
directly calculating a related determinant corresponding to the network. However, for
a large network, evaluating the relevant determinant is intractable. In this paper, we
investigate the number of spanning trees in two-tree networks. We first give a new
algorithm which avoids the laborious computation of the determinant for counting the
number of spanning trees. Using the algorithm, we can obtain the number of spanning
trees of any two-tree network in linear time. The result shows that the computation
complexity is O(n), which is better than that of the matrix tree theoremwith O(n2), where
n is the number of steps. We then characterize two-tree networks with the maximum and
minimum numbers of spanning trees. Denote by P(t) and K(t), respectively, the two-tree
networks of t + 2 vertices with the maximum and minimum numbers of spanning trees.
Denote by PA and EN , respectively, the two-tree network of t + 2 vertices generated by
preferential attachment and by equiprobability attachment. By algorithmic analysis and
through simulations, we conjecture that NST (K(t)) ≤ NST (PA) ≤ NST (EN) ≤ NST (P(t)) as t
tends to infinity, whereNST (G) is the number of spanning trees ofG. As an application of the
algorithm, we give the formula of the number of spanning trees of a particular small-world
network.
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1. Introduction
The number of spanning trees of a connected graph, also considered as the complexity of the graph, is an important
graph invariant. The number of spanning trees provides a measure for the global reliability of a network. It is a problem
of fundamental interest in mathematics [1–5] and physics [6,7]. The problem of enumeration of the number of spanning
trees on a graph was first considered by Kirchhoff in his analysis of electric circuits [8]. His theorem provides a universal
algorithm for determining the number of spanning trees of any connected graph, in terms of a determinant. However, the
computational complexity for evaluating the determinant of a general network is very high [9], so a lot of effort has been
devoted to enumerating the spanning trees in some specific networks by using different techniques according to their special
structures. Examples include regular lattices [10–12], fractal scale-free networks [13], ER random graphs [14], Sierpinski
gaskets [15], a small-world Farey graph [16], self-similar networks [17], a pseudofractal scale-free web [18], and so on. It is
known that the small-world Farey graph, fractal scale-free networks, the pseudofractal scale-free web and the generalized
Farey graph [19] are special classes of two-tree networks. The two-tree is defined as follows:
Step 1. When t = 0, let G0 = K2, where K2 (an edge) is a two-tree with 2 vertices.
Step 2. Let Gt be a two-tree generated at the t-th step. Then, Gt+1 generated at the (t+1) step is the graph obtained from
Gt by adding a new vertex adjacent to the two end vertices of one edge. Clearly, Gt+1 has t + 3 vertices.
In this paper, we first portray two special two-tree networks based on the local-world evolving network, which are called
PA networks and EN networks, respectively. Then, we provide a linear algorithm for counting the number of spanning trees
in any two-tree network. By the algorithm, we simulate the approximate formulas for the number of spanning trees in the
above networks. Using the algorithm with some analysis, we determine an upper bound and a lower bound for the number
of spanning trees in two-tree networks. Denote by P(t) and K(t), respectively, the two-tree network of t + 2 vertices with
the maximum and minimum numbers of spanning trees. Denote by NST (G) the number of spanning trees in graph G. By
algorithmic analysis and through simulations, we conjecture that NST (K(t)) ≤ NST (PA) ≤ NST (EN) ≤ NST (P(t)) for t →∞.
The paper is organized as follows: Section 2 provides the generating processes for both PA networks and EN networks.
Section 3 presents the algorithm description and theoretical analysis for counting the number of spanning trees and
discusses its applications. In Section 4, simulation verifies the formulas for the numbers of spanning trees of PA networks
and EN networks. Section 5 gives an application of the algorithm to deterministic two-tree networks. Finally, conclusions
are drawn in Section 6.
2. Generation algorithms for local-world two-tree networks
We portray the evolution of local-world two-tree networks via preferential attachment and equiprobability attachment,
respectively, and enumerate spanning trees in the two special graphs.
2.1. The preferential attachment network
The preferential attachment network model is generated by the following steps (denoted by a PA network):
1. Growth: Starting with an edge with 2 vertices, at every time step, add a new vertex with 2 edges that link the new
vertex to 2 different vertices already present in the network.
2. Preferential attachment: When choosing the two vertices u and v to which the new vertex connects, assume with
probabilityΠ(u) (ΠLocal(v), respectively) that a new vertex is connected to the vertex u (v, respectively) depending on the
degree ku (kv , respectively) of vertex u (v, respectively), in such a way that
Π(u) = ku
j
kj
and
ΠLocal(v) = kv
j∈N(u)
kj
, v ∈ N(u),
where N(u) is the neighbor set of the vertex u.
Add a new vertex with 2 edges, one linking to vertex u and the other linking to vertex v.
3. After t time steps in this procedure, it results in a network with n = t + 2 vertices and 2t + 1 edges.
2.2. The equiprobability network
The equiprobability network is generated by the following steps (denoted by an EN network):
1. Growth: Starting with an edge with 2 vertices, at every time step, add a new vertex with 2 edges that link the new
vertex to 2 different vertices already present in the network.
2. Equiprobability attachment: Select vertex i from the existing network and vertex j from the neighborhood vertex i
with equiprobability. Add a new vertex with 2 edges, one linking to vertex i and the other linking to vertex j.
3. After t time steps in this procedure, it results in a network with n = t + 2 vertices and 2t + 1 edges.
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Fig. 1. (Color online) The generative procedures of PA network and EN network (red vertex is just joined).
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Fig. 2. (Color online) An example for counting the number of spanning trees by the proposed algorithm, where a red vertex is deleted at each time step.
In Fig. 1, we show the growing processes of the EN network and the PA network, respectively.
3. Algorithm for counting the number of spanning trees
3.1. Algorithm description
In this section, we propose a linear algorithm for counting the number of spanning trees in a two-tree network.
Algorithm:
Initial condition: Let Gn = (V , E) be a two-tree network with vertex set V = {u0, v0, v1, . . . , vn} and edge set E = {e1,
e2, . . . , em}, where vi is the vertex added at the ith step, i = 1, 2, . . . , n. All edges are weighted by a pair of real numbers
(1,1). NST (n) denotes the number of spanning trees of Gn.
Step 1. Take k = n.
Step 2. Suppose that the weights of two adjacent edges and the opposite edge of the vertex vk are denoted by (x1, y1),
(x2, y2) and (x3, y3), respectively. Deleting the vertex vk, we get x3 and y3 by
x3 := y1x2x3 + y2x1x3 + y3x1x2,
y3 := x1y2y3 + x2y1y3. (1)
Step 3. If k = 1, then stop, output NST (n) = x3. Otherwise k := k− 1, go Step 2.
It can be easily verified that the complexity of the algorithm is O(n). An example for counting the number of spanning
trees is shown in Fig. 2. For t = 5, NST (G5) = 136. Theorem 1 proves the algorithm.
Theorem 1. Let Gt be a two-tree network generated by t steps with vertex set {u0, v0, v1, v2, . . . , vt}. Suppose that the edge
u0v0 weight is (x, y). Then, after the algorithm stops, x, denoted by NST (Gt), is the number of spanning trees of Gt , and y, denoted
by NSF (Gt), is the number of spanning forests of Gt with two components such that u0 and v0 belong to distinct components.
Proof. Use induction on t . Suppose that at t = 1, G1 is a triangle. It is easy to get from the algorithm that x = 3 and y = 2.
The result is true.
Suppose that the result is true for t < k. When t = k, Gt is the graph shown in Fig. 3. Note that Hi, i = 1, 2, 3, is a
two-tree network generated by at most t−1 steps from the definition of 2-tree. By the algorithms forHi, we get the weights
(x1, y1), (x2, y2), (x3, y3) for the edges u0v1, v0v1, u0v0, respectively. By the induction hypothesis, xi and yi are the number
of spanning trees and the number of spanning forests with two components of Hi, respectively. Therefore, the number of
spanning trees of Gt is given by
NST (Gt) = y1x2x3 + y2x1x3 + y3x1x2,
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Fig. 3. Network Gt .
Fig. 4. For t = 3, two different network structures (A, B); for t = 4, four different network structures (C, D, E, F).
and the number of spanning forests of Gt with two components such that u0 and v0 belong to distinct components is given
by
NSF (Gt) = x1y2y3 + x2y1y3.
Thus, it completes the proof. 
3.2. Upper and lower bounds for the number of spanning trees on a two-tree network
In this section, we give the upper and lower bounds on the number of spanning trees of two-tree networks.
Let Gt be a two-tree. Then, Gt has t + 2 vertices, 2t + 1 edges and t triangles. The skiagraph of Gt , denoted by S(Gt), is
the graph with the triangles of Gt as its vertices, where two vertices are adjacent if the corresponding triangles of Gt share
one common edge. Obviously, S(Gt) has t vertices. We denote by K(t) a two-tree network whose skiagraph is the complete
graph Kt with t vertices and by P(t) a two-tree network whose skiagraph is a path Pt with t vertices, respectively. Note that
K(t) is the unique two-tree with 2 vertices of degree t + 1 and t vertices of degree 2 and that P(t) is the two-tree with only
2 vertices of degree 2. Clearly, for t ≥ 4, there exist two distinct two-trees whose skiagraph is a path Pt . For example, t = 4,
P(t) are the graphs C and D in Fig. 4 and K(t) is the graph E in Fig. 4. Denote by P (t) the set of all P(t)’s.
Theorem 2. Let Gt be a two-tree network with t + 2 vertices. Then,
NST (K(t)) ≤ NST (Gt) ≤ NST (P(t)), (2)
where the left equality holds if and only if Gt = K(t) and the right equality holds if and only if Gt ∈ P (t).
Proof. After the algorithm has ended, let the weight of the last edge be (NST (Ht), NSF (Ht)) with Ht ∈ {K(t),Gt , P(t)}. By
Theorem 1 and the algorithm, it is sufficient to show the following:
NST (K(t)) ≤ NST (Gt) ≤ NST (P(t)),
NSF (K(t)) ≤ NSF (Gt) ≤ NSF (P(t)), (3)
where the left equality holds if and only if Gt = K(t) and the right equality holds if and only if Gt ∈ P (t).
We prove the inequality (3) by induction on t . When t = 1 and t = 2, K(t) = Gt = P(t), so the result holds.
When t = 3, 4, Fig. 4 gives all two-trees. By the algorithm and computation, the result is true. For t = 4, NST (E) <
NST (F) < NST (C) = NST (D).
Suppose for t < k, the inequality holds, that is,
NST (K(t − 1)) ≤ NST (Gt−1) ≤ NST (P(t − 1)),
NSF (K(t − 1)) ≤ NSF (Gt−1) ≤ NSF (P(t − 1)), (4)
where the left equality holds if and only if Gt−1 = K(t − 1) and the right equality holds if and only if Gt−1 ∈ P (t − 1).
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For each Ht ∈ {K(t),Gt , P(t)}, let the new vertex added at the t-step be vt and two new edges added at the t-step
be uvt and vvt . Noticing that Ht has at least two vertices of degree 2, one can see that there is a vertex sequence,
say u, u1, u2, . . . , ut−1, such that Ht is obtained from edge vvt by adding vertex sequence u, u1, u2, . . . , ut−1 and the
corresponding edges. In fact, the two-tree obtained from edge vvt , by adding vertex sequence u, u1, u2, . . . , ut−2 and the
corresponding edges, is Ht−1. So, from the algorithm and Theorem 1, by deleting the vertices ut−1, ut−2, . . . , u2, u1, u, for
Ht ∈ {K(t),Gt , P(t)}, by the hypothesis, we have
NST (Ht) = 2NST (Ht−1)+ NSF (Ht−1),
NSF (Ht) = 2NSF (Ht−1). (5)
From (4) and (5), the result holds. Thus, it completes the proof. 
Now, we compute the numbers of spanning trees of K(t) and P(t). From the algorithm, for K(t) and P(t), it follows that
NST (K(t)) = 2NST (K(t − 1))+ NSF (K(t − 1)), NST (K(0)) = 1,
NSF (K(t)) = 2NSF (K(t − 1)), NSF (K(0)) = 1 (6)
and 
NST (P(t)) = 2NST (P(t − 1))+ NSF (P(t − 1)), NST (P(0)) = 1,
NSF (P(t)) = NST (P(t − 1))+ NSF (P(t − 1)), NSF (P(0)) = 1. (7)
By computation, their numbers of spanning trees are given by
NST (K(t)) = (t + 2) ∗ 2t−1 (8)
and
NST (P(t)) =
√
5
5
3+√5
2
t+1
−

3−√5
2
t+1 . (9)
It is well known that the entropy of spanning trees for Gwith N(G) vertices is the following limiting value [14]:
EG = lim
N(G)→∞
lnNST (G)
N(G)
. (10)
From Eqs. (8) and (9), it follows that
EK(t) = lim
t→∞
ln(t + 2)+ (t − 1) ln 2
t + 2 = ln 2
≈ 0.6931 (11)
and
EP(t) = lim
t→∞
ln
√
5
5

3+√5
2
t+1 −  3−√52 t+1
t + 2
= ln 3+
√
5
2
≈ 0.9624. (12)
4. Simulation results
In this section, we derive approximate formulas for counting the number of spanning trees of a two-tree network for
both the EN model and the PAmodel by simulation.
One can clearly observe the changing of the number of spanning trees with changing vertex numbers, from Fig. 5, for
K(t), P(t), the EN model and the PAmodel, respectively.
In Fig. 5: the number of spanning trees NST (G) in network G as a function of network order N on a semilogarithm scale.
In the figure, Ln = logNST (G). We use four symbols to distinguish them. The rise in four models fits almost perfectly with
an exponential function as the number of vertices increases. Particularly, the two-tree network with the largest number of
spanning trees is P(t) but the smallest one is K(t).
By numerical simulation, we obtain the approximate numbers of spanning trees of both PA network and EN network as
follows:
NST (PA) ≈ (t + 2)2t−1 + 21.277t−0.622 (13)
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Fig. 5. Left: the number of spanning trees with N = 100; Right: with N = 500, based on the semilogarithm scale.
and
NST (EN) ≈ (t + 2)2t−1 + 21.344t−2.494. (14)
The approximate entropies of spanning trees on a PA network and an EN network are given by
EPA ≈ lim
t→∞
ln((t + 2) ∗ 2t−1 + 21.277t−0.662)
t + 2
≈ 0.8851 (15)
and
EEN ≈ lim
t→∞
ln((t + 2) ∗ 2t−1 + 21.344t−2.494)
t + 2
≈ 0.9316. (16)
Note that for finite t ,NST (PA) andNST (EN) are random variables. However, t tends to infinity, we conjecture the following
inequalities hold:
NST (K(t)) ≤ NST (PA) ≤ NST (EN) ≤ NST (P(t))
and
EK(t) ≤ EPA ≤ EEN ≤ EP(t).
5. An application of the algorithm
In this section, we obtain a formula for the number of spanning trees of a special two-tree network, denoted by GDURT ,
proposed by Lu et al. in Ref. [20].
First, we review the generation process of this network.
Assume that the network obtained after t iterations is Ft , which has Nt vertices and Et edges, where t = 1, 2, . . . , T and
T is the number of iterations performed. Assume that each vertex is labeled with a natural number increasing with the
generation time. Then the generation process can be illustrated as follows:
Step 0. Initialization. Set t = 1. F1 contains an edge 12, called the initial edge of Ft . Obviously, N1 = 2 and E1 = 1.
Step 1. Generation of Ft+1 from Ft . This includes the following two substeps.
Step 1.1.DURT operation. For each vertex in Ft , labeled as p, a new vertex labeled asNt+p is linked to it, p = 1, 2, . . . ,Nt .
Step 1.2. Extra operation. For each newly-generated vertex, labeled asNt+p, link it to the old vertex labeled asNt−p+1,
p = 1, 2, . . . ,Nt .
Obviously, after the above two substeps, Nt+1 = 2Nt and Et+1 = Et + 2Nt .
Step 2. If t < T − 1, set t = t+ 1 and go to Step 1. Otherwise, the algorithm is terminated. The scheme is shown in Fig. 6.
According to the relationships Nt+1 = 2Nt and Et+1 = Et + 2Nt together with the initial conditions N1 = 2 and E1 = 1,
we have Nt = 2t .
From the algorithm of GDURT , one see that Ft is the graph shown in Fig. 7, where Ft−1 is the GDURT generated at t-step
with the initial edge 14 and 23. Using the algorithm for counting the number of spanning trees, after the algorithm ends,
the weights of edge 14 and edge 32 of Ft−1 are the same, denoted by (NST (Ft−1),NSF (Ft−1)). By deleting the vertices 3 and 4,
it is easy to verify that the weight (NST (Ft),NSF (Ft)) of edge 12 is given by
NST (Ft) = (NST (Ft−1)+ NSF (Ft−1))(3NST (Ft−1)+ NSF (Ft−1)),
NSF (Ft) = ((NST (Ft−1))+ NSF (Ft−1))2 (17)
with initial conditions NST (F1) = 1 and NSF (F1) = 1.
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Fig. 6. The first four iterations of the growth process of the network GDURT .
Fig. 7. Network Ft .
Eq. (17) can be rewritten as
NST (Ft)
NSF (Ft)
=
3NST (Ft−1)
NSF (Ft−1) + 1
NST (Ft−1)
NSF (Ft−1) + 1
. (18)
Suppose that
NST (Ft)
NSF (Ft)
= at . (19)
Then, from Eq. (18) one can derive the following recursive relation:
at = 3at−1 + 1at−1 + 1 (20)
with initial condition a1 = 1.
By solving the recursive relation, one obtains
at = (1+
√
2)− (√2− 1)2t−1
1+ (√2− 1)2(t−1) . (21)
Recalling that NST (Ft−1) = at−1NSF (Ft−1), from Eq. (17) and initial condition NSF (F1) = 1, we have
NSF (Ft) = (at−1 + 1)2(at−2 + 1)22(at−3 + 1)23 · · · (a1 + 1)2t−1
=
t−1
i=1
(at−i + 1)2i . (22)
Since NST (Ft) = atNSF (Ft), the number of spanning trees for the GDURT is given by
NST (Ft) = at
t−1
i=1
(at−i + 1)2i , (23)
where at = (1+
√
2)−(√2−1)2t−1
1+(√2−1)2(t−1) . Using Eq. (23), one gets the asymptotic expansion of NST (Ft) as follows:
NST (Ft) = (
√
2+ 1)eE·2t (1− O(3− 2√2)t),
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where E is the entropy of the spanning trees in GDURT . It is easy to obtain the entropy of the spanning trees in GDURT , as
E(GDURT ) = lim
t→∞
lnNST (Ft)
2t
. (24)
Substituting Eq. (23) into Eq. (24), we have
E(GDURT ) =

k≥1
ln(ak + 1)
2k
+ lim
t→∞

ln(at)
2t
−

k≥t
ln(ak + 1)
2k

.
Noticing that 1 ≤ at ≤ 1 +
√
2 for all t , it is easy to see that first sum converges the entropy of the spanning trees and
the last two items are zero. Hence we have
E(GDURT ) ≈ 0.9249.
6. Conclusions
In this paper, we have proposed a new algorithm for counting the number of spanning trees of a two-tree network. Using
the algorithm, one can obtain the number of spanning trees of any two-tree network in linear time. We have also proposed
two special two-tree networks, named PAnetworks and EN networks, respectively, and obtained their approximate numbers
of spanning trees. By the algorithm,we have determined both the upper bound and lower bound for the number of spanning
trees and the corresponding two-trees P(t) and K(t). By numerical simulation, for t → ∞, we conjecture the following
relation holds:
EK(t) ≤ EPA ≤ E(GDURT ) ≤ EEN ≤ EP(t).
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